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Abstract. Using an extension of techniques of Ozawa and Popa, we 
give an example of a non-amenable strongly solid IIi factor M containing 
an "exotic" maximal abelian subalgebra A: as an j4,y4-bimodule, L (M) 
is neither coarse nor discrete. Thus we show that there exist IIi factors 
with such property but without Cartan subalgebras. It also follows from 
Voiculescu's free entropy results that M is not an interpolated free group 
factor, yet it is strongly solid and has both the Haagerup property and 
the complete metric approximation property. 



1. Introduction 

In their breakthrough paper [T3], Ozawa and Popa showed that the free 
group factors L(Fn ) are strongly solid, i.e. the normahzer ^(f„)(-P) = {u £ 
'^{L{Yn)) : uPu* = P} of any diffuse amenable subalgebra P C L(Fn) 
generates an amenable von Neumann algebra, thus AFD by Connes' result 
[3]. This strengthened two well-known indecomposability results for free 
group factors: Voiculescu's celebrated result in [27], showing that L(F„) has 
no Cartan subalgebra, which in fact exhibited the first examples of factors 
with no Cartan decomposition; and Ozawa's result in [12], showing that the 
commutant in L(F„) of any diffuse subalgebra must be amenable (L(F„) 
are solid). Furthermore in |14j, Ozawa and Popa showed that for any lattice 
r in SL(2,R) or SL(2, C) (and even SO(n, 1), SU(n,l), n > 2), the group 
von Neumann algebra L{T) is strongly solid as well. 

In this paper, we use a combination of Popa's deformation and intertwin- 
ing techniques [151 HZl HB] and the techniques of Ozawa and Popa [13l [H] 
to give another example of a strongly solid IIi factor not isomorphic to an 
amplification of a free group factor, i.e. to an interpolated free group factor 
[H [20] (the first example of this kind was constructed by the first-named 
author in [11] , answering an open question of Popa [16j ) . 

Our example is rather canonical: it is the crossed product of a free group 
factor L(Foo) by Z, acting by a free Bogoljubov transformation obtained via 
Voiculescu's free Gaussian functor (cf. ^29j). Roughly speaking, recall [29] 
that to any separable real Hilbert space Hji, one can associate a finite von 
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Neumann algebra T^Hn)" which is precisely isomorphic to the free group 
factor L{F(iimHii)- To any orthogonal representation ir : Z —i- ^(//r) of Z 
on corresponds a trace-preserving action a'" : Z r\ T{H-[i)" , called the 
Bogoljubov action associated with the orthogonal representation vr. Alterna- 
tively, our algebra can be viewed as a free Krieger algebra in the terminology 
of [21] , constructed from an abelian subalgebra and a certain completely pos- 
itive map (related to the spectral measure of the Z-action). It is in this way 
rather similar to a core of a free Araki- Woods factor [221 [23] . Along these 
lines, our main results are the following. 

Theorem A. Let vr : Z ^ ^{Hn) be an orthogonal representation on the 
real Hilhert space Hn such that the spectral measure of it has no atoms. 
Denote by M = L(Foo) Xq-t Z the crossed product under the Bogoljubov 
action. Then for any maximal abelian subalgebra A C M , the normalizer 
J\^m{A) generates an amenable von Neumann algebra. 

In particular, the IIi factor M = L(Foo) Xo-^ Z has no Cartan subalgebras. 
Under additional assumptions on the orthogonal representation vr, we can 
obtain a stronger result. 

Theorem B. Let vr : Z ^ ^{Hn) be a mixing orthogonal representation 
on the real Hilbert space H^. Then M = LiF^o) yia^ Z is a non-amenable 
strongly solid IIi factor, i.e. for any P C M diffuse amenable subalgebra, 
^MiP)" is an amenable von Neumann algebra. 

Note that in both cases, M has the Haagerup property and the complete 
metric approximation property, i.e. Acb(M) = 1. 

The proof of Theorems A and B, following a "deformation/rigidity" strat- 
egy, is a combination of the ideas and techniques in [TTl [13l [HI [T7] . We will 
use the "free malleable deformation" by automorphisms {at,fi) defined on 
r(i?R)" *T(H-£i)" = T(H-£i(B LLji)" ■ This deformation naturally arises as the 
"second quantization" of the rotations /reflection defined on © Hji that 
commute with the Z-representation vr © vr. 

The proof of Theorem B then consists in two parts. Let vr : Z — > ^(i?R) 
be a mixing orthogonal representation and denote by M = L(Foo) xIq-t Z 
the corresponding crossed product IIi factor. First, we show that given any 
amenable subalgebra P C M such that P does not embed into L{Z) inside 
M, the normalizer ^m{P) generates an amenable von Neumann algebra 
(see Theorem 13. Sh . For this, we will exploit the facts that the deformation 
(at) does not converge uniformly on the unit ball {P)i and that P C M 
is weakly compact, and use the technology from [I3l [H] . So if P C M is 
diffuse, amenable such that ^m{P)" is not amenable, P must embed into 
L(Z) inside M. Exploiting Popa's intertwining techniques and the fact that 
the Z-action is mixing, we prove that ^m{P)" is "captured" in L{Z) 
and finally get a contradiction. 

In proving that free group factors -L(F„) have no Cartan subalgebras ^27j . 
Voiculescu proved that they actually have a formally stronger property: for 
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any MASA (maximal abelian subalgebra) A C N = L(F„), L'^{N) (when 
viewed as an A,^-bimodule) contains a sub-bimodule of LP'{A)®L'^{A). In 
more classical language, for every MASA [0, 1] = ^ C A'^, every vector 
^ G L?'{N) gives rise to a measure -0 = V'? on [0, 1]^ determined by 

j f{x)g{y)di^{x,y) = {fJg*J^,0, f,9^A. 

Voiculescu proved that, for any such ^4 C A = L(F„), there exists a 
nonzero vector ^ for which tp is Lebesgue absolutely continuous. Any N 
with this property cannot of course have Cartan subalgebras, since if A 
is a Cartan subalgebra, the measure tp will have to be "r-discrete" (i.e., 
'ijj{B) = J i'tiB)dt for some family of discrete measures vt)- 

This raised the obvious question: if N has no Cartan subalgebras, must 
it be that for any diffuse MASA Ac N, the ^,A-bimodule L^(A) contains 
a sub-bimodule of L'^(A)^L'^{A)7 We answer this question in the nega- 
tive. Our examples M = L(Foo) xi Z, while strongly solid (or having no 
Cartan subalgebras), have an "exotic" MASA A = L{Z), so that L'^{M), 
when viewed as an 74,^-bimodule, contains neither coarse nor r-discrete 
sub-bimodules. In other words, for all ^ 7^ 0, -05 is neither r-discrete nor 
Lebesgue absolutely continuous. In particular, combined with Voiculescu's 
results, this property shows that our examples M are not interpolated free 
group factors. Thus we prove: 

Corollary A. Let vr : Z ^ ^(Hji) be an orthogonal representation on the 
real Hilbert space Hn such that the spectral measure o/^„>^ vr®" is singular 
w.r.t. the Lebesgue measure and has no atoms. Then the non-amenable IIi 
factor M = L(Foo) xio-ir Z has no Cartan subalgebra and is not isomorphic 
to any interpolated free group factor L(Ft), 1 < t < +00. 

Assuming that the representation vr is mixing, we can obtain (see Theorem 
14. 4p new examples of strongly solid IIi factors not isomorphic to interpolated 
free group factors (see [HI |T6] ) . 

Corollary B. Let vr : Z ^ ^(H-r.) be a mixing orthogonal representation 
on the real Hilbert space Hji such that the spectral measure of ©„>i7r®"' 
is singular w.r.t. the Lebesgue measure. Then the non-amenable IIi factor 
M = L(Foo) Xo-tZ is strongly solid and is not isomorphic to any interpolated 
free group factor L(Ft), 1 < t < +00. 

In Section [U we will present examples of orthogonal representations vr : 
Z ^{Hn) which satisfy the assumptions of Corollaries A and B. After 
recalling the necessary background in Section O Theorems A and B are 
proven in Section [3l 
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2. Preliminaries 

2.1. Popa's intertwining techniques. We first recall some notation. Let 
P C M be an inclusion of finite von Neumann algebras. The normalizer of 
P inside M is defined as 

^m(.P) ■■= {u G ^(M) : Ad{u)P = P} , 

where Ad(n) = u-u* . The inclusion P C M is said to be regular if jVMiP)" = 
M. The quasi-normalizer of P inside M is defined as 

^^m(-P) := |a G M : 3bi,...,bn € M,aQ C Y^Qbi,Qa C ^fej^j . 

The inclusion P C M is said to be quasi-regular if ^.yV m{P)" = M. More- 
over, 

P'nM c Jj,i{P)" c ^J^m{p)"- 

Let A,B be finite von Neumann algebras. An A,B-bimodule H is a com- 
plex (separable) Hilbert space H together with two commuting normal mis- 
representations TTA '■ A ^ B(H), ttb '■ —I- B(/f). We shall intuitively 
write a^b = 7r^(rE)7rB(y°P)^, Vx G A,Vy G 5,V^ G H. We say that Hb is 
finitely generated as a right P-module if Hb is of the form pLp'{B)®'^ for 
some projection p G M„(C) ® B. 

In [mni], Popa introduced a powerful tool to prove the unitary conjugacy 
of two von Neumann subalgebras of a tracial von Neumann algebra (M, r). 
We will make intensively use of this technique, li A^B C (M, r) are (possibly 
non-unital) von Neumann subalgebras, denote by 1^ (resp. 1^) the unit of 
A (resp. B). 

Theorem 2.1 (Popa, [17^ I18j). Let {M,t) be a finite von Neumann alge- 
bra. Let A,B C M be possibly non-unital von Neumann subalgebras. The 
following are equivalent: 

(1) There exist n > 1, a possibly non-unital *-homomorphism tp : A ^ 
M„(C) ®B and a non-zero partial isometry v G Mi^„(C) IaMIb 
such that XV = vij){x), for any x ^ A. 

(2) The bimodule aL'^{1aM1b)b contains a non-zero sub-bimodule aHb 
which is finitely generated as a right B-module. 

(3) There is no sequence of unitaries (uk) in A such that 

lim \\EB{a*Ukb)\\2 = 0,Va,6 G UMIb- 

k—>oo 

If one of the previous equivalent conditions is satisfied, we shall say that 
A embeds into B inside M and denote A B. For simplicity, we shall 
write M" := M„(C) ® M. 

2.2. The complete metric approximation property. 

Definition 2.2 (Haagerup, ^). A finite von Neumann algebra (Af, r) is 
said to have the complete metric approximation property (c.m.a.p.) if there 
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exists a net : M — > M of (r-preserving) normal finite rank completely 
bounded maps such that 

(1) lim„ W'^nix) - x\\2 = 0, Vx G M; 

(2) lim„ ll^nllcb = 1- 

It follows from Theorem 4.9 in [1] that if G is a countable amenable 
group and Q is a finite von Neumann algebra with the cm. a. p., then for 
any action G r\ {Q,t), the crossed product Q yi G has the c.m.a.p. as well. 
The notation ® will be used for the spatial tensor product. 

Definition 2.3 (Ozawa & Popa, [13]). Let F be a discrete group, let {P,t) 
be a finite von Neumann algebra and \et a : T r\ P he a r-preserving 
action. The action is said to be weakly compact if there exists a net (rjn) of 
unit vectors in L?'{P®P)j^ such that 

(1) lim„ ||r/„ -{v® v)r]n\\2 = 0, Vu G ^(P); 

(2) lim„ \\rin - {ag ® o^g)r/n||2 = 0, G T; 

(3) ((a (g) l)r]n,T]n) = T{a) = {r]n, (1 «) a)??n), Va G Af,Vn. 

These conditions force P to be amenable. A von Neumann algebra P C Af is 
said to be weakly compact inside M if the action by conjugation .yVj^iP) ^ P 
is weakly compact. 

Theorem 2.4 (Ozawa & Popa, [13j). Let M he a finite von Neumann al- 
gebra with the complete metric approximation property. Let P C M be an 
amenable von Neumann subalgehra. Then P is weakly compact inside M . 

2.3. Voiculescu's free Gaussian functor [261 [29]. Let be a real sep- 
arable Hilbert space. Let H = Hn C be the corresponding complexified 
Hilbert space. The full Fock space of H is defined by 

oo 
n=l 

The unit vector i7 is called the vacuum vector. For any ^ G iif, we have the 
left creation operator 

£{0 : ^{H) ^ ^{H) : | gf ' • • ^n) = ^ ® 6 ® • • • ® Cn- 

For any ^ G -fT, we denote by s(^) the real part of given by 

The crucial result of Voiculescu [29] is that the distribution of the operator 
s{(,) w.r.t. the vacuum vector state (-0, Q) is the semicircular law supported 
on the interval [— 1|^||, ||^||], and for any subset H C of pairwise orthog- 
onal vectors, the family {s(^) : G H} is freely independent. Set 

TiHn)" = {siO : C G ^r}". 
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The vector state r = (-fi, Q) is a faithful normal trace on T{H-£i)" , and 

Since T{Hii)" is a free group factor, T{H-[i)" has the Haagerup property and 
the c.m.a.p. [7j. 

Remark 2.5 ( |24t l29j). Explicitely the value of r on a word in is given 
by 

n/2 

(1) T(.(ei) • • • .(u) = j2 n(^/5.'^7.)- 

({ft,7»})eNC(n),ft<7,fc=l 

for n even and is zero otherwise. Here NC(2p) stands for all the non-crossing 
pairings of the set {1, . . . , 2p}, i.e. pairings for which whenever a < b < c < 
d, and a, c are in the same class, then b, d are not in the same class. The 
total number of such pairings is given by the p-th Catalan number 

^ p+l\P 

Let G be a countable group together with an orthogonal representation 
TT : G —f 0'{H-r). We shall still denote by tt : G ^ ^ {H) the corresponding 
unitary representation on the complexified Hilbert space H = (g)R, C. 
The free Bogoljubov shift a'^ : G r\ {T(H-£i)",t) associated with the repre- 
sentation TT is defined by 

a^g =Ad{^{7Tg)),yg eG, 
where ^(vr^) = e„>ovrf" G ^{^{H)). 

Notation 2.6. For a countable group G together with an orthogonal rep- 
resentation TT : G ^ 0'{H-r), we shall denote by 

T{Hj^,G,n)" =T{Hr)" x^. G. 

Example 2.7. If {tTjH) = (Ag',^^(G)) is the left regular representation of 
G, it is easy to see that the action a^'^ : G r\ T[£'^[G))" is the free Bernoulli 
shift and in that case T{f{G), G, Ac)" = L{Z) * L{G). 

For any n > 0, denote by K^^ = i^®" f{G) with the L{G),L{G)- 
bimodule structure given by: 

Ug ■ {(,1 <^ ■ ■ ■ <^ ® Sh) = %6 (X) • • • VTg^n (g) 6gh 

It is then straightforward to check that as L(G)-bimodules, we have 

the following isomorphism 

L\T{H^,G,^)")^^Ki^\ 

n>0 
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Recall that tt is said to be mixing if 

lim {7Tg^,ri) =0,yC,rieH. 

The following proposition is an easy consequence of Remark 12.51 and Ka- 
plansky density theorem. 

Proposition 2.8. Let G be a countable group together with an orthogonal 
representation tt : G ^ ^(//r,). The following are equivalent: 

(1) The representation n : G ^ ^{Hn.) is mixing. 

(2) The T-preserving action : G r\ T(H-£i)" is mixing, i.e. 

lim T{a^g{x)y) = 0,Vx,y G T{Hn)" C. 

3. Proof of Theorems A and B 

3.1. The free malleable deformation on r(i7R, G, vr)". Let G be a 

countable group together with an orthogonal representation tt : G ^ i^(i?R,). 
Set 

. M = r{Hn,G,TT)". 

• M = r{HR®HB.,G,7r®Tr)". 

Thus, we can regard M as the amalgamated free product 

M = M *^c) M, 

where we view M C M under the identification with the left copy. Consider 
the following orthogonal transformations on Hn Hji: 

* \^sm(|t) cos(f t) J ' ' 

\0 -1 

Define the associated deformation (a*,/?) on r(i?R, © Hn)" by 

at = Ad{^{Ut)), (3 = Ad{^{V)). 

Since Ut,V commute with tt © vr, it follows that at, (3 commute with the 
diagonal action a'^ * a'^. We can then extend the deformation (a*,/?) to M 
by (Xt\L{G) = l^\L(G) = Id. Moreover it is easy to check that the deformation 
{at,l3) is malleable in the sense of Popa: 

Proposition 3.1. The deformation (at, (3) satisfies: 

(1) limt^o Ik - af(x)||2 = 0, Vx G M. 

(2) (3^ = Id, at(3 = pa-t, Vt G R. 

(3) ai(x *L{G) 1) = 1 *L{G) X, Vx G M. 

We recall at last that the s-malleable deformation [at, [3) automatically 
features a certain transversality property. 
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Proposition 3.2 (Popa, [Lhl). We keep the same notation as before. We 

have the following: 

(2) \\x-a2t{x)\\2<2\\at{x)-{EMoat){x)\\2, VxG Af,Vt>0. 

The following result of the first-named author about intertwining subal- 
gebras inside the von Neumann algebras r(i?R, G, vr)" (see Theorems 5.2 in 
[9] and 3.4 in ^IQl) will be a crucial tool in the next subsection. 

Theorem 3.3 (P [10]). Lei G 6e a countable group. Let n : G ^ ^{Hb) 
be any orthogonal representation. Set M = T (Hn, G , n)" . Let p £ M be 
a non-zero projection. Let P C pMp be a von Neumann subalgebra such 
that the deformation (at) converges uniformly on the unit ball {P)i. Then 
P<mL{G). 

3.2. The key result. Let M,N,P be finite von Neumann algebras. For 
any M, A^-bimodules H,K, denote by tth (resp. ttk) the associated *- 
representation of the binormal tensor product M ®bin on H (resp. on 
K). We refer to [5j for the definition of ^bin- We say that H is weakly 
contained in K and denote it by ^ X if the representation tth is weakly 
contained in the representation ttk, that is if kei (it h) D ker(7rx). Let H, K 
be M, A^-bimodules. The following are true: 

(1) Assume that H ~< K. Then, for any N-P bimodule L, we have 
H®]\}L -< K^i\iL, as M, P-bimodules. Exactly in the same way, 
for any P, M-bimodule L, we have L®mH -< L(^mK, as P,N- 
bimodules (see Lemma 1.7 in [I]). 

(2) A von Neumann algebra B is amenable iff L'^(B) -< L'^{B)®L'^{B), 
as B-B bimodules. 

Let B,M,N be von Neumann algebras such that B is amenable. Let H 
be any M, i?-bimodule and let K be any A^-bimodule. Then, as M,N- 
bimodules, we have H(^bK -< H(^K (straightforward consequence of (1) 
and (2)). 

Lemma 3.4. Let G be an amenable group together with an orthogonal 
representation it : G ^ ^{Hu.)- Let M = T{Hn.,G,iT)" . The M,M- 
bimodule Jif = L'^{M) Q L'^{M) is weakly contained in the coarse bimod- 
ule L'^{M)^L'^{M). In particular, the left M-action on extends to a 
u.c.p. map ^' : B(L^(M)) B(J^) whose range commutes with the right 
M-action. 

Proof. Set B = L{G) which is amenable by assumption. By definition of 
the amalgamated free product M = M*i(^q-^ M (see [29]), we have as M, M- 

bimodules 

L'^iM)eL\M)^^Jifn, 

n>l 

where 

2n-l 

, s _ 

JTn = L^{M)®B i,L\M) e L\B))^b ■ • • ^BiL\M) Q L\B)) ^bL\M). 
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Since B = L{G) is amenable, the identity bimodule L'^{B) is weakly con- 
tained in the coarse bimodule L?'{B)(^L'^{B). From the standard properties 
of composition and weak containment of bimodules (see Lemma 1.7 in [l]), 
it follows that as M, M-bimodules 

2n-l 

' ^ _ 

jr„ ^ L^{M)® {L^{M) Q L^{B))® ■ ■ ■ ®{L^{M) Q L^{B)) ®L^{M). 

Consequently, we obtain as M, M-bimodules 

= L^{M) Q L^{M) -< L'^(M)®L^(M). 

Now the rest of the proof is the same as the one of Lemma 5.1 in . The bi- 
normal representation ^ of M0M°P on Jif is continuous w.r.t. the minimal 
tensor product. Hence // extends to a u.c.p. map fi from B(L^(M))(8)M°p 
to B(jr). Define ^{x) = il{x 1), Vx G B{L^{M)). Since M°p is in the 
multiplicative domain of /i, it follows that the range of ^ commutes with 
the right M-action. □ 

The next theorem, which is the key result of this section in order to prove 
Theorems A and B, can be viewed as an analog of Theorems 4.9 in [13], B 
in [H] and 3.3 in [11] • 

Theorem 3.5. Let G be an amenable group together with an orthogonal 
representation tt : G ^ ^{H-r,). Let M = r(iJR, G, vr)". Let P C M be an 
amenable subalgebra such that P -^m L{G). Then jVm{P)" is amenable. 

Proof. The proof is conceptually similar to the one of Theorem 4.9 in |13j 
under weaker assumptions: the malleable deformation {at) defined on M = 
r(ii'R., G, vr)" is not assumed to be "compact over L{G)" and the bimod- 
ule L'^{M) Q L'^{M) is merely weakly contained in the coarse bimodule 
L'^{M)^L'^{M). To overcome these technical difhculties, we will use ideas 
from the proof of Theorem B in [14J. Note that the symbol "Lim" will be 
used for a state on £°°(N), or more generally on with I directed, which 

extends the ordinary limit. 

Let G be an amenable group and let tt : G ^ ^(Hji) be an orthogonal 
representation. Let M = T {H-£i, G , tt)" . Let P C M be an amenable von 
Neumann subalgebra such that P -J^m L(G). Since M has the c.m.a.p., 
P is weakly compact inside M. Then there exists a net (rjn) of vectors in 
L^{P®P)+ such that 

(1) lim„ \\rin -iv(g) v)rin\\2 = 0, G ^(P); 

(2) lim„ \\rin - Ad(u u)r?„||2 = 0, Vu G (P); 

(3) {{a l)rin,r]n) = r(a) = (1 a)r]n), Va G M, Vn. 

We consider r/„ G L^(MiS)M)+, and note that (J J)ry„ = ry„, where J de- 
notes the canonical anti- unitary on L'^{M). We shall simply denote cyf/v/(P) 
by ^. 

Let z G ^(^' n M) be a non-zero projection. Since P ;z^a/ L(G) and 
2 G P' n M, it follows that Pz L{G). Theorem [33] then yields that the 
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deformation {at) does not converge uniformly on (Pz)i. Since any selfad- 
joint element x G {Pz)i can be written 

X = ^\\x\\oo{u + U*) 

where u € ^(Pz), it follows that (at) does not converge uniformly on 
(Pz) either. Combining this with the inequality ([2]) in Proposition [3]2l we 
get that there exist < c < 1, a sequence of positive reals (tk) and a sequence 
of unitaries (uk) in ^(P) such that lim^ = and \\at,.{ukz) — {Em ° 
at^){ukz)\\2 > c||z||2, yk € N. Since |[atj.(nfcz)||2 = ||-z||2, by Pythagora's 
theorem, we obtain 



(3) \\{Em o at,){ukz)\\2 < Vl-c^\\zh,yk € N. 



1 /l 2 

Set 5 = Iklb- Choose and fix feg € N such that 

(4) \Mz) - z\\2 < s,yk > ko. 

Define for any n and any k > ko, 

= (eMOt, 1)(7?„) GL2(M)®L2(M) 

Cn = ieiat,^l)ivn)(^iL\M)eL\M))0L\M). 
We observe that 

(5) ||(x ^ l)r,^\\l = T{EM{at^\x*x))) = WxWl^x G M. 

As in the proof of Theorem 4.9 in [13j, noticing that L?'{M)(S)L'^{M) is an 
M(8)M-module and since rj^ = in~^Cni equation ([5]) gives that for any n E 
and for any k > ko, 

(6) Lim||[n(g)n,Cn]||2 < Um\\[u (g) u,ri'^]\\2 

n n 

< Lim \\{at^ (g) l){[u ® n,r/„])||2 + 2\\u - at^{u)\\2 

n 

= 2||n - atjti)||2. 
Moreover, for any x G M, 

||(x®l)C^||2 = \\{x^l){ei^l)r]% 



k\ 



|2 



< l)r/^||2 = ||x||2. 

Claim 3.6. For any k > k^, 

(7) Lim||(z0l)C^||2><5. 
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Proof of Claim We prove the claim by contradiction. Exactly as in the 
proof of Theorem 4.9 in [13j, noticing that cmz = zcm (since z G M) and 
zuk = UkZ (since z € ^{^' fl Af)), and using ^ we have 

Lim ||(z ® 1)?7^ - {eMatk{uk)z Uk)6.nh 

n 

< Lim \\{z (g) 1)??^ - {eMatk{uk)z ® Uk)rin\\2 + Lim \\{z (g) l)Cnll2 

n n 

< Lim II (z (g) l)r]^ - {eMzat^{uk) Uk)r]'^\\2 + \\[at^{uk), z]\\2 + 6 

n 

< Lim II (z (g) 1)C^||2 + Lim \\r]^ - (at,(nfc) g) Uk)Vnh 

n n 

+2\\z - at,{z)\\2 + 6 

< Lim ||(at (g l)(r?„ - (ufc (g nfc)f?n)||2 + 45 = 4(5. 

Thus, we would get 

\\{Em o at^){ukz)\\2 > \\{Em o atk)iuk)z\\2 - \\z - a{z)\\2 

> Lim ||((-Em o atJ(nA,.)2 g) nA..)??^||2 - 5 

> Lim||(eM <g ^){{Em o at^){uk)z Uk)r]nh - ^ 
= Lim ||(eMatfe('"fc)^; '"fc)'?^||2 - (5 

n 

> Lim||(zg)l)7?^||2 -55 



= ||z||2 - 55 > VT^-c^lklb, 
which is a contradiction according to ([3]). □ 



We now use the techniques of the proof of Theorem B in [14] . Define a 
state f^''' on B(jr) n p(M°P)', where /9(M°p) is the right M-action on Jf, 
by 

^^'\x) = Lim-i^((x l)C^'^Cn■'), 

" llCn Hi 

where Cn = (2 (g l)Cn- Note that 

= ip''''{zx) = ip''''{xz),yx G B(jr) n p(M°p)'. 

Claim 3.7. Let a G . Then one has 

Lim \ip^'''{ax — xa)\ = 0, 

k 

uniformly for x G B(jr) n p(M°P)' mi/i ||x||oo < 1. 

Proof of Claim\3J\ For n G 5^, since z e ^{W Ci M), one has 

LimllC^''' - (ng)n)C^''=(tig)n)*||2 < Lim ||C^ - (n (g n)C^(ti g) u)* II2 

n n 

< 2||u - ai^(n)||2. 
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For every x € B(jr) n /9(M°P)', one has 



if^'^^iu'xu) = Lim — T— ((x (g)l){u® u)Cn^{u ® u)* , {u O u)C'^{u u)*), 

llSn II2 

SO that with dll) - d?]), 

k * k 4 

Iv?""' {u*xu)-ip''' {x)\ < -^\\x\\oo\\u - at^:{u)\\2. 



This imphes that 



Lim \ip'''^{ax - xa)\ = 0, 

k 



for each a G span ^ and uniformly for x G B(^) n p{M"'^)' with ||x||oo < 1- 
However, for any a (z M, 



\^^''{xa)\ = Lim— ^i((x0l)(a0l)C'^C''^)| 

" IK" Ii2 



1 

1 ,, ,, 
< ^lF||oo||a||2, 

and hkewise for \ip^'^{ax)\. An apphcation of Kaplansky density theorem 
does the job. □ 



To prove at last that is amenable, we will use (as in Theorem B in |14j ) 
Connes' criterion for finite amenable von Neumann algebras (see Theorem 
5.1 in p] for the type IIi case and Lemma 2.2 in [8] for the general case). For 
any non-zero projection z € PI M) and any finite subset F C i"^"): 

we need to show 

W^uz^uzWj^^j^ = \F\. 

Let z G n M) be a non-zero projection and let F C ^(§f") be 

a finite subset. Since the M, M-bimodule Jif is weakly contained in the 
coarse bimodule L^{M)^L'^{M), let ^' : B{L'^{M)) B(^) n p(M°P)' 
be the u.c.p. map which extends the left M-action on (see Lemma 
3.4p . Note that M is contained in the multiplicative domain of ^. Define 
^z,k ^ ^z,k ^ g^^^g B(L2(M)). Let n G By Claim [321 one has 



Um\i)^'''{{uz)*x{uz) -x)\ = Um\ip'''''{'^{{uz)*x{uz)) - ^'(x))| 

= Lim \ip'' {(uz)* (x) (uz) - ^{x))\ 

k 



= Lim |93'''''(n*^'(x)ti - ^'(x))[ = 0, 

k 

uniformly for x G B(L^(M)) with ||x|loo < 1- By a standard recipe of the 
theory together with the Hahn-Banach separation theorem, we can find a 
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net {^i^'^) of positive norm-one elements in 5'i(L^(M)) (trace-class operators 
on L^{M)) such that 

lim Wii''^ - Ad(nz)/i^'^||i = 0, G '^{^"). 

k 

Since the above is satisfied in particular for u = 1 and since F C ^" is finite, 
replacing fi^'^ by z^^'^z/\\z^^'^z\\i we may assume that n'^'^ € 5i(L^(M)) 
satisfies yu^''^ > 0, z^'^'^z = /i^''^, ||/U^''^||i = 1 and 

lim||;u^''= - AdCuzj/x^'^'lli = 0,Vu G F. 

k 

Define now v^'^ = (^^•'^)^/^ G S2{L'^{M)) (Hilbert-Schmidt operators on 
L^(M)). The net {v^'^) satisfies zv^'^^z = v^''', \\i^^'^\\2 = 1 and 

lim||zy^'*= - Ad(u2)i/^'^||2 = 0,Vu G F. 

k 

by Powers-St0rmer inequality. With the identification 

S2{L^{M)) = L^{M)®L^{M) 

as M, M-bimodules it follows that the *-representations of M and M given 
by the left and right M-actions induce the spatial tensor norm. Thus, 



ueF 

< lim II ^('uz)i^^''=(uz)*||2 +lim|| - {uz)u''''{uzy\\2 



k 

ueF uGF 



< \\^uz(E)uz\\Mm- 

uGF 

Since the other inequality is trivial, the proof is complete. □ 



3.3. Proof of Theorem A. We refer to Section S] for the necessary back- 
ground on spectral measures of unitary representations. Let's begin with a 
few easy observations first. Assume that (N, r) is a finite von Neumann alge- 
bra with no amenable direct summand, i.e. Nz is not amenable, \/z G 3f{N), 
z ^ 0. Then for any non-zero projection q E N, qNq is non-amenable. More- 
over, if has no amenable direct summand and C A'^i is a unital inclusion 
of finite von Neumann algebras, then A^i has no amenable direct summand 
either. 

Lemma 3.8. Let G be a countable group together with an action G r\ (N, r) 
on a finite von Neumann algebra. Write M = N y\G for the crossed product. 
Let B d N be a diffuse subalgebra. Then B -^m L{G). 

Proof. We denote by {vg) the canonical unitaries which generate L{G) C 
N >Q G = M. Let i? C A^ be a diffuse subalgebra. Let (un) be a sequence of 
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unitaries in B such that ^ weakly, as n — > oo. Let I , J G G he finite 
subsets and 

X = XgVg 
y = ^VhVh, 

where Xg,yfi G A^. Then we have 

EL{G){x*Uny) = ^ T{x*Unyh)v*gVh. 
{g,h)elxj 

In particular, 

\\EL(G){x*Uny)\\2 < J2 \'^(^*9'^nyh)\- 
(g,h)elxj 

Since ti„ ^ weakly, as n ^ oo, we get lim„ \\Ei(^Q^{x*Uny)\\2 = 0. Finally, 
using Kaplansky density theorem, we obtain 

lim||^L(G)(a;*u„y)||2 = 0,Vx,?/ E M. 
By (3) of Theorem [HI it follows that B L{G). □ 

Theorem 3.9 (Theorem A). Let vr : Z — > 0'{H-^) he an orthogonal rep- 
resentation such that the spectral measure of vr has no atoms. Then M = 
T{Hii, Z,7r)" is a non-amenable IIi factor and for any maximal abelian sub- 
algebra A C M , ryVM^A)" is an amenable von Neumann algebra. 

Proof. Since the spectral measure of tt : Z — > ^ (H) has no atoms, it follows 
that vr has no eigenvectors. So the representation ^(vr) : Z '^{.^{H)) 
has no eigenvectors either. Thus, the corresponding free Bogoljubov action 
a'^ : Ta r\ T{Hji)" is necessarily outer (see Theorem 15. ip and then M = 
r(i/R, Z, tt)" is a III factor. Moreover, L(Z) is clearly a MASA in M. 

We prove the result by contradiction. Assume that A C M = T{Hii, Z, vr)" 
is a MASA such that Jjii{A)" is not amenable. Write 1 - z G 3f{Jj^i{A)") 
for the maximal projection such that jVm{A)" [1 — z) is amenable. Then 
z 7^ and ^m{A)"z has no amenable direct summand. Notice that z G 
A' DM = A and 

J^m{A)"z = ^,Mz{Az)", 
by Lemma 3.5 in [17J. Moreover Az C zMz is a MASA. 

Since the action a'^ : Z r\ T{Hji)" is outer, it follows that r(ffR)' CiM = 
C. Thanks to Theorem 3.3 in [19j, we can find a diffuse abelian subalgebra 
B C T{Hu)" which is a MASA in M. Since M is a IIi factor and B is 
diffuse, there exist a projection p £ B and a unitary u G (M) such that 
p = uzu*. Define A = uAzu* . Then A C pMp is a MASA and J/pMp{A)" 
has no amenable direct summand. Let C = A® B{\ — p) C M. Note that 
C C M is still a MASA. Since ^MiC)" is not amenable and C C M is 
weakly compact. Theorem 13.51 yields C <m L(7j). Since -L(Z) is a MASA, if 



STRONGLY SOLID IIi FACTORS WITH AN EXOTIC MASA 15 

we apply Theorem A.l of [18j, we obtain v (z M a nonzero partial isometry 
such that v*v e C n M = C, q = vv* G L(Z) and vCv* C L{Z)q. Since 
C c M is also a MASA, we get vCv* = L{Z)q. Note that vpv* / 0, 
because otherwise we would have vBv* = L{Zi)q and this would imply that 
B L(Z), a contradiction according to Lemma [3181 Thus, with q' = vpv* 
we obtain vAv* = L{Z)q' . Consequently ^/j\/g/(L(Z)g')" is not amenable. 
However, as L(Z), L(Z)-bimodules we have the following isomorphism 

n>0 

where i^i"^ = H®''®i^{Z) (see Section [2]). Since the spectral measure 
of TT has no atoms, it follows that L[Z) C M is a singular MASA, i.e. 
^MiLiZ))" = L{Z), and a fortiori .J/'q,Mq'{L{Z)q')" = L{Z)q' (by Lemma 
3.5 in [17J). We have reached a contradiction. □ 

3.4. Proof of Theorem B. 

Theorem 3.10 (Theorem B). Let vr : Z ^ ^^{H-r) he a mixing orthogonal 
representation. Then the non-amenable IIi factor M = r(i?R,, Z, vr)" is 
strongly solid. 

Proof. Since the representation vr : Z ^ ^{Hn.) is mixing, it has no eigen- 
vectors. So the representation ^(vr) : Z ^{^{H)) has no eigenvectors 
either. Thus, the free Bogoljubov action a'^ : Z rx T{Hji)" is necessarily 
outer (see Theorem 15. ID and then M = T(H-£i,Z,tt)" is a IIi factor. 

Let P C M be a diffuse amenable von Neumann subalgebra. By contra- 
diction assume that jVm[P)" is not amenable. Write 1 — z € ^{^m{P)") 
for the maximal projection such that ^M{P)"i^ — z) is amenable. Then 
z ^ and ,yVMiP)"z has no amenable direct summand. Notice that 

^m{P)"zC^,m^{Pz)". 

Since this is a unital inclusion (with unit z), ^zMz{Pz)" has no amenable 
direct summand either. Let A C T{Hyi)" be a diffuse abelian subalgebra. 
Since M is a IIi factor and A is diffuse, there exist a projection q ^ A and a 
unitary u (M) such that q = uzu* . Define Q = uPzu* . Then Q C qMq 
is diffuse, amenable and ^qMq{Q)" has no amenable direct summand. Let 
B = Q ® A{1 - q) C M. Note that S C M is a unital diffuse amenable 
subalgebra. Since ^m{B)" is not amenable and B d M \s weakly compact. 
Theorem [33] yields B <m L{Z). 

Thus, there exists n > 1, a non-zero partial isometry v € Mi^„(C) ® M 
and a (possibly non-unital) *-homomorphism ip : B ^ L(Z)" such that 
XV = vip{x), Vx G B. Observe that qv / 0, because otherwise we would 
have vv* < 1 — q and xv = viplx), Vx G ^(1 — q). This would mean that 
A(l — q) L{Z) and so A L{Z), which is a contradiction according 
to Lemma 13.81 Write qv = w\qv\ for the polar decomposition of qv. It 
follows that w G Mi^„(C) (g) M is a non-zero partial isometry such that 
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xw = wtp{x), Vx G Q. This means exactly that Q L{Z). Note that 

WW* eQ'n qMq c ,yK}Mq{Q)" and w*w G ^(Q)' fi V(g)M"V(g)- 

Since the r-preserving action Z r> r(ffR.)" is mixing by assumption and 
tp{Q) C ^{q)L{Z)"'ip{q) is diffuse, it follows from Theorem 3.1 in [l7j (see 
also Theorem D.4 in [25]) that w*w G ^{q)L{Z)'^ip{q), so that we may 
assume w*w = ip{q). Note that w*Qw = ip{Q). Moreover since ^p{Q) is 
diffuse, Theorem 3.1 in [17j yields that the quasi-normalizer of ip{Q) inside 
■il^{q)M^ilj{q) is contained in ip{q)L{Z)"'Tp{q). In particular, we get 

Ad{w*){ww*^gMg{Q)"ww*) C i;{q)L{Zri^{q). 

Note that Ad{w*) : ww* Mww* w*wM'^w*w is a *-isomorphism. Since 
il^{q)L{Z)'^il){q) is amenable and ww* ^qMq{Q)" ww* is non-amenable, we 
finally get a contradiction, which finishes the proof. □ 

The above theorem is still true for any amenable group G (instead of Z), 
and any mixing orthogonal representation vr : G — > ^(//r) such that the 
corresponding Bogoljubov action a'^ : G r\ T{H-r)" is properly outer, i.e. 
(T^ is outer, for any g e. 

4. New examples of strongly solid Hi factors 

4.1. Spectral measures and unitary representations. Let be a sep- 
arable complex Hilbert space. Let G be a locally compact second countable 
(l.c.s.c.) abelian group together with vr : G ^ (//) a *-strongly contin- 
uous unitary representation. Denote by G the dual of G. It follows that 
C*{G) = Go(G) and n gives rise to a *-representation a : Go(G) — > ^{H) 
such that a{fg) = TT{g), for every g e G, where fg{x) = xio), e G. 

Recall that for any unit vector ^ G there exists a unique probability 
measure on /i^ on G such that 

JG 

Note that the formula makes sense for every bounded Borel function / on 
G. 

Definition 4.1. Let G be a l.c.s.c. abelian group together with vr : G — > 
^ (H) a *-strongly continuous unitary representation. The spectral measure 
of the unitary representation vr is defined as the measure class on G 
generated by all the probability measures /i^, for ^ G -ff, ||^|| = 1. 

The spectral measure '^t^ is said to be singular if for all the probability 
measures in ^t^, the support of /i has Haar measure. From now on, we 
will only consider the cases when G = Z or R. 

We identify the Pontryagin dual of R with R by the pairing R x R 9 
(x,y) i-^- e^™y . Define 

p.n T = R/Z 

X I— > X + Z 
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the canonical projection. For /u a probability measure on R, the push- 
forward measure of /i on T is defined by = fi{p~^{A)) = ^{A + Z), 
C T Borel subset. The convolution product is denoted by *. We shall 
write 



for the A:-fold convolution product. 

Lemma 4.2. Let ^ he a probability measure on R. Write v = p^^fi. 

(1) If fi is singular, then v is singular. 

(2) For any k >1, (p*/^)*'^ and p^{iJ*^) are absolutely continuous to each 
other. 

Proof. Denote by A the Lebesgue measure on R. We may identify (T, Haar) 
with ([0,1], A) as probability spaces. We use the notation ~ ^2 for two 
measures absolutely continuous to each other. 

(1) Assume that ^ is singular. Write K for the support of ^ and Kn = 

n [n, n + 1[. Clearly, supp(z^) C p{K). We have 



Thus Haar(supp(z^)) = and v is singular. 

(2) Under the previous identification, we have for any ^ C T Borel subset 



^ = ^ * . . . * ^ 



Haar(p(E:)) < ^ Haar(p(i^„)) 



nez 



= J]A(K„) = 0. 



nez 



/x(S + Z) 



neZ 



Thus for any A; > 1, we have 



,*k 




nSZ 



nez 



Consequently 



*k 



□ 



4.2. Examples of strongly solid IIi factors. Erdos showed in [6] that 
the symmetric probability measure fig on R, with 9 = 5/2, obtained as the 
weak limit of 
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is singular w.r.t. the Lebesgue measure A and has a Fourier Transform 

Jj-eit) = cos 

n>l 

which vanishes at infinity, i.e. Jl{t) 0, as \t\ oo. 

Example 4.3. Modifying the measure ^d, Antoniou & Shkarin (see Theo- 
rem 2.5, V in [2]) constructed an example of a symmetric probability measure 
/i on R such that: 

(1) The Fourier Transform of /x vanishes at infinity, i.e. Ji{t) — > 0, as 
\t\ —I- oo. 

(2) For any n > 1, the n-fold convolution product /i*" is singular w.r.t. 
the Lebesgue measure A. 

Let /X be a symmetric probability measure on R as in Example 14.31 and 
consider v = p^^ the push- forward measure on the torus T. Let vr'' : Z ^ 
^(L^(T,i/)) be the unitary representation defined by (7r^/)(2;) = z"'f{z), 
V/ e L^(T, zv), Vn G Z. Note that moreover 

= {/ G L\T, v):J{z)= fiz~'),yz G t} 

is a real subspace of L^(T, i^) invariant under n'^ . By assumption and using 
Lemma 1321 it follows that: 

(1) The unitary representation vr*^ : Z ^ ^(L^(T,zv)) is mixing. 

(2) The spectral measure of ©„>i(vr'^)®" is singular. 

Consider now the non-amenable IIi factor M = T{H^, Z, tt'^)" . Let A = 
L(Z). Since vr*^ is mixing, A is maximal abelian in M and singular, i.e. 
J\^m{A)" = A. Since the spectral measure of the unitary representation 
©n>i(^'^)^" is singular and because of the A, A-bimodule isomorphism 

n>0 

where K^^^) = L'^{T,u)^''^f{Z) (see Section [2]), it follows that the A,A- 
bimodule L'^{M) is disjoint form the coarse bimodule L'^{A)^L'^{A). Com- 
bining Voiculescu's result (see Corollary 7.6 in |27j ) and the second-named 
author's result (see Proposition 9.2 in [21J), it follows that the non-amenable 
III factor M is not isomorphic to any interpolated free group factor L(Ft), 
1 < t < oo. Moreover, our Theorem I3.1UI yields that M is strongly solid, 
hence has no Cartan subalgebra. 

Theorem 4.4 (Corollary B). The IIi factor M = T{H^, Z, n")" is strongly 
solid, hence has no Cartan subalgebra. Nevertheless, for the maximal abelian 
subalgebra A = L{7i), the A,A-bimodule Lp'{M) is disjoint from the coarse 
bimodule LP'{A)(^5L'^{A). Thus, M is never isomorphic to an interpolated 
free group factor. 
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Remark 4.5. For 9 = 3, fi0 is the Cantor-Lebesgue measure on the ternary 
Cantor set. If we set i' = p^/J-e, we get that for any n > 1, the n-fold 
convolution product v*"' is singular w.r.t. the Lebesgue measure A. In that 
case, the IIi factor M = T{H^,Z,tt'^)" has no Cartan subalgebras and is 
not isomorphic to any interpolated free group factor (Corollary A). 

4.3. Bimodule decompositions over MASAs. Recall that if /i is a prob- 
ability measure on [0, 1] x [0, 1] so that its push-forwards by the projection 
maps onto the two copies of [0, 1] are Lebesgue absolutely continuous, then 
L^([0, 1] X [0,1], /i) can be regarded as an L°°[0,1], L°°[0, 1] -bimodule via 
the action 

(/l•^/2)(x,y) = /l(x)e(x,y)/2(y), 

x,yG[0,l], /,-GL-[0,l], ^ G L-([0, 1] x [0, 1], /i). 

For a von Neumann algebra M, consider the collection '^{M) of measure 
classes [//] on [0, 1] x [0, 1] with the property that there exists a MASA 
L°°[0,1] ^ A C M so that L^{M), when regarded as an A, A-bimodule, 
contains a copy of L^([0, 1]^, ^u). Also let ^(M) be the collection of all 
measure classes [//] so that for every MASA L°°[0, 1] ^ A C M, L'^{M) 
contains a sub-bimodule of i^([0, l]^,/i). Clearly, ^ D ^. 

Then (as is well known) M has a Cartan subalgebra if and only if '^{M) 
contains an r-discrete measure class (i.e., a measure class for which 
^{B) = J fit{B)dt and fj,t are a.e. discrete). 

Voiculescu in [27] proved that ^(L(F„)) 3 {Lebesgue Measure}. 

It thus remained open whether every IIi factor must either contain a 
Cartan subalgebra, or satisfy that ^{N) B {Lebesgue Measure}. Our main 
example M = T(H^, Z, ir'^)" answers this question in the negative, as &{M) 
does not contain Lebesgue measure and yet M has no Cartan subalgebra. 

5. OUTERNESS OF FREE BOGOLJUBOV ACTIONS 

Although we do not need the following result in the rest of the paper, we 
record the following observation, which is well-known to the experts and is 
most likely folklore (although we could not find a precise reference). 

Theorem 5.1. Let G be a countable group, and let -k : G ^ ^(H-r) be a 
*-strongly continuous orthogonal representation of G on a real Hilbert space 
H^. Then a'^ is inner iff iTg = 1. In particular, if iig ^ 1 for any g ^ e, the 
Bogoljubov action a'" of G on T{Hy{)" is outer. 

Proof. Let g be an element of G so that iTg 1, and let a = ag acting on 
M = T(H-[i)" . Let T = TTg. We may assume without loss of generality that 
Hji has dimension at least 2, so that M is a factor (otherwise, M is abelian, 
and any non-trivial T gives rise to an outer transformation). 

Suppose for a contradiction that a = Ad(ii) for some unitary u £ M. 
Then for any x £ M, 

a{x) = uxu* 
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and so a{u) = u. 

Let H = Hn (8)R, C be the complexification of i^R. We continue to denote 
the complexification of T by the same letter. Let C H he the closed 
linear span of eigenvectors of T, = H"^ n i^R, be its real part. Then 
AT = T{H^)" C T{H^)" = M. Moreover, it is clear from the Fock space 
decomposition of L^{M) that any eigenvectors for a must lie in L'^{N), so 
u € N. Thus we may, without loss of generality, assume that N = M and 
that eigenvectors of T densely span H. 

Thus we may assume that 

where n G {0, 1, ... , +oo}, each = and T acts trivially on R" and 
acts on by a rotation of period 27r/logAfc. If we denote by hk,gk an 
orthonormal basis for and we set = + is{gk) € M, then M = 

L{Fn) * W*{ck ■ k G J), and a = id*(3 where f3{cj) = exp(2'iriXj)cj. Let 
Cj = Ujbj be the polar decomposition of cj; thus (3{uj) = exp(27rzAj)uj and 
P{bj) = bj. By [28], bj and Uj are freely independent and W*{bk : k & J) = 
W*{uk : k e J) ^ ^(F2|j|). It follows that M ^ L(F„) *W*{bk : k e 
J) * W*{uk : k G J) = L(F„+|j|) * L(F|j|) = iV * P in such a way that a 
corresponds to the action id *7 where ^ : P ^ P = W* {uj. : k £ J) is given 
by 7{uk) = exp(27riAfc)ufc. 

Since by assumption T is non-trivial, \ J\ > 1 and also | J| + n > 1. Thus 
if a{x) = uxu* for all x G M, then u must commute with N C N * P = 
M. But N' n M = N' n N = 3f{N) (e.g. because as an iV,iV-bimodule, 
L2(M) = L'^{N) e (a multiple of coarse Ar,Ar-bimodule)), so u G 3f{N). 
But then uPu* = a{P) C P, which is easily seen to be impossible by using 
the free product decomposition of L'^{M) in terms of L?'{N) and Lp'{P), 
unless u = t{u). But this is impossible, since a{s{h)) = siTh) is a non- 
trivial automorphism. □ 



6. Free Krieger algebras 

Let I' be a probability measure on the torus T and let 77 be a measure on 
given by r]{x, y) = v{x — y). In other words, 

ri{B) = j u{B + x)dx. 

Then the projections of r/ onto the two coordinate directions are both equal 
to the Haar measure, and thus L^(T^,r7) is a bimodule over A = L°°(T). 
Furthermore, v gives rise to a completely positive map from A to itself, 
determined by 

Vif) = I fix- y)dv{y) = f*u. 
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It is not hard to see that the von Neumann algebra M = T{H^,Zi,tt'^)" = 
f]) in the notation of j2T], i.e., it is an example of a von Neumann alge- 
bra generated by an A- valued semicircular system with covariance rj (these 
were called "free Krieger algebras" in [21] , following the analogy between the 
operation A i-^ ^{A,rj) and the crossed product operation A i— > A xIq- Z). 

As we have seen, M has both the cm. a. p. and the Haagerup property, 
and thus for this specific choice of rj, ^{A,rj) has these properties. 

We point out that in general (even for abelian A), ^(A,rj) may fail to 
have the Haagerup property for other choices of the completely positive 
maps rj. It is an interesting question to determine exactly when ^{A, rf) has 
this property (and/or cm. a. p.) as a condition on the completely-positive 
map r] : A ^ A, A = L°°[0, 1]. It is likely that the techniques of the present 
paper would then apply to give solidity of ^{A,r]). 

Proposition 6.1. There exists a choice of rj : A ^ A, A = L°°[0, 1], so 
that ^{A,r]) does not have the Haagerup property. 

Proof. Let a be an action of a free group F2 on A = L°°[0, 1] so that M = 
^ xIq F2 does not have the Haagerup property (one could take, for example, 
an action measure equivalent to the action of SL(2,Z) on ^ = L(Z'^); the 
crossed product in this case has relative property (T) and does not have the 
Haagerup property [18]. Denote the two automorphisms of ^ corresponding 
to the actions of the two generators of F2 by ai, a2, and let rjj = aj + aj^ , 
rj = r]i+ r]2- 

Let cr be the free shift action of Z on Fqo- Then by [21j . 

(8) $(A, rj) ^ $(A, rji) *a ^A, 172) = 

{{A ® L(Foo)) Xai®<7 Z) *A {{A ® L{¥^)) x^^^^ Z) ^ 

{A ® [L(Foo) * i(Foo)]) Xa®<x*a F2. 

Thus <^(A, 7?) contains M as a subalgebra. Since the Haagerup property is 
inherited by subalgebras, it follows that ^{A^rf) cannot have the Haagerup 
property. □ 
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